Probing interaction and spatial curvature in the holographic dark energy model 
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In this paper we place observational constraints on the interaction and spatial curvature in the holographic dark 
0^ , energy model. We consider three kinds of phenomenological interactions between holographic dark energy and 

■ matter, i.e., the interaction term Q is proportional to the energy densities of dark energy (p\), matter (p,„), and 
matter plus dark energy (p„, + p A ). For probina the interaction and spatial curvature in the holographic dark 
energy model, we use the latest observational data including the type la supernovae (SNIa) Constitution data, 

. the shift parameter of the cosmic microwave background (CMB) given by the five-year Wilkinson Microwave 

Q ' Anisotropy Probe (WMAP5) observations, and the baryon acoustic oscillation (BAO) measurement from the 

Sloan Digital Sky Survey (SDSS). Our results show that the interaction and spatial curvature in the holographic 
dark energy model are both rather small. Besides, it is interesting to find that there exists significant degeneracy 

■ between the phenomenological interaction and the spatial curvature in the holographic dark energy model. 

(N ; 

o : 

f^J ; I. INTRODUCTION 

: 

Observations of type la supernovae (SNIa) [1], cosmic microwave background (CMB) [2] and large scale structure (LSS) [3] 
I ■ all indicate the existence of mysterious dark energy driving the current accelerated expansion of universe, and lots of efforts have 
been made to understand it. The most important theoretical candidate of dark energy is the Einstein's cosmological constant 
A, which can fit the observations well so far, but is plagued with the famous fine-tuning and cosmic coincidence problems [4]. 
Many other dynamical dark energy models have also been proposed in the literature, such as quintessence [5], phantom [6], 
A:-essence [7], tachyon [8], hessence [9], Chaplygingas [10], and Yang-Mills condensate [11], etc. 

Actually, the dark energy problem may be in essence an issue of quantum gravity [12]. However, by far, we have no a 
complete theory of quantum gravity, so it seems that we have to consider the effects of gravity in some effective quantum field 

■ theory in which some fundamental principles of quantum gravity should be taken into account. It is commonly believed that 
I/-) | the holographic principle [13] is just a fundamental principle of quantum gravity. Based on the effective quantum field theory, 
00 ■ Cohen et al. [ 14] pointed out that the quantum zero-point energy of a system with size L should not exceed the mass of a black 

hole with the same size, i.e. L 3 A 4 < LM 2 pl , where A is the ultraviolet (UV) cutoff of the effective quantum field theory, which 
is closely related to the quantum zero-point energy density, and Mpi = 1 / V8^G is the reduced Planck mass. This observation 
relates the UV cutoff of a system to its infrared (IR) cutoff. When we take the whole universe into account, the vacuum energy 
related to this holographic principle can be viewed as dark energy (its energy density is denoted as pa hereafter). The largest IR 
cutoff L is chosen by saturating the inequality, so that we get the holographic dark energy density 



p A = 3c 2 M 2 Pl L' 2 (1) 



^ , where c is a numerical constant characterizing all of the uncertainties of the theory, and its value can only be determined by 
observations. If we take L as the size of the current universe, say, the Hubble radius H l , then the dark energy density will 
be close to the observational result. However, Hsu [15] pointed out this yields a wrong equation of state for dark energy. 
Subsequently, Li [16] suggested to choose the future event horizon of the universe as the IR cutoff of this theory. This choice 
not only gives a reasonable value for dark energy, but also leads to an accelerated universe. Moreover, the cosmic coincidence 
problem can also be explained successfully in this model. Most recently, a calculation of the Casimir energy of the photon field 
in a de Sitter space is performed [17], and it is a surprising result that the Casimir energy is indeed proportional to the size 
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of the horizon (the usual Casimir energy in a cavity is inversely proportional to the size of the cavity), in agreement with the 
holographic dark energy model. 

The holographic dark energy model has been studied widely [18, 19, 20, 21, 22, 23, 24]. By far, various observational 
constraints on this model all indicate that the parameter c is less than 1, implying that the holographic dark energy would lead to 
a phantom universe with big rip as its ultimate fate [20, 21]. Nevertheless, the appearance of the cosmic doomsday will definitely 
ruin the theoretical foundation of the holographic dark energy model, namely, the effective quantum field theory; see Ref. [24] 
for detailed discussions. To evade this difficulty, one may consider the extra dimension effects in this model [24]: The high 
energy correction from the extra dimensions could erase the big-rip singularity and leads to a de Sitter finale for the holographic 
cosmos. Another way of avoiding the big rip is to consider some phenomenological interaction between holographic dark energy 
and matter [22, 23]. With the help of the interaction, the big rip might be avoided due to the occurrence of an attractor solution 
in which the effective equations of state of dark energy and matter become identical in the far future. However, it should be 
pointed out that in order to avoid the phantom-like universe the phenomenological interaction term should be tuned to satisfy 
some specific condition, i.e., the interaction must be strong enough; for detailed discussions see Ref. [23]. The only way of 
acquiring the knowledge of the interaction strength is from the observational data fitting. In this paper, we will explore the 
possible phenomenological interactions between holographic dark energy and matter by using the latest observational data. 

Another important mission of this paper is to probe the spatial curvature of the universe in the holographic dark energy model. 
Actually, the current observational data are not accurate enough to distinguish between the dynamical effects of dark energy and 
spatial curvature of the universe, owing to the degeneracy between them. Indeed, in fitting the equation of state of dark energy, 
w(z), the inclusion of Q^o as an additional parameter would dilute constraints on w(z). While most inflation models in which the 
inflationary periods last for much longer than 60 e-folds predict a spatially flat universe, Q*o ~ 10 , the current constraint on 
□jo is three orders of magnitude larger than this inflation prediction. As argued in Ref. [25], the studies of dark energy, and in 
particular, of observational data, should include Q.^ as a parameter to be fitted alongside the w(z) parameters. So, in this paper, 
we will constrain Q.^ in the holographic dark energy model in light of the latest observational data. Of course, we will also let 
the interaction and spatial curvature simultaneously be free parameters, and explore the possible degeneracy between them. 



II. HOLOGRAPHIC DARK ENERGY WITH INTERACTION AND SPATIAL CURVATURE 



In this section we shall describe the interacting holographic dark energy in a non-flat universe. In a spatially non-flat 
Friedmann-Robertson- Walker universe, the Friedmann equation can be written as 



where p - p A + p,„. We define 



q, = -^ = qJ^) 2 , n A = ^, Q m = ^, (3) 

ti L a L \ati I p c p c 



where p c - 3M 2 p[ H 2 is the critical density of the universe, thus we have 

1+0* = Q,„ + O a . (4) 
Consider, now, some interaction between holographic dark energy and matter: 

p m + 3Hp m = Q, (5) 



p A + 3H(p A + p A ) = -Q, (6) 

where Q denotes the phenomenological interaction term. Owing to the lack of the knowledge of micro-origin of the interaction, 
we simply follow other work on the interacting holographic dark energy and parameterize the interaction term generally as 
Q = -3H(bipA+b2p m ), where b\ and £>2 are the coupling constants. For reducing the complication and the number of parameters, 
furthermore, we only consider the following three cases: (a) b\ — b and bn = 0, (b) b\ — bn — b, (c) b\ — and Z?2 = b. We 
denote the interaction term Q in these three cases as 



Qx = -3bHp A , (7) 
Q 2 = -3bH(p A + Pm ), (8) 
Q 3 = -3bH Pm . (9) 
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For convenience, in the following we uniformly express the interaction term as Q, — -3bHp c Clj, where £2, = Qa, 1 and Q m , for 
; = 1,2 and 3, respectively. Note that according to our convention b < means that dark energy decays to matter. Moreover, it 
should be pointed out that b > will lead to unphysical consequences in physics, since p,„ will become negative and £2a will be 
greater than 1 in the far future. So, the parameter b is always assumed to be negative in the literature. However, in the present 
work, instead of making such an assumption on b, we let b be totally free and let the observational data tell us the true story 
about the holographic dark energy, no matter whether the ultimate fate of the universe is ridiculous or not. 
From the definition of holographic dark energy ( 1), we have 



or equivalently, 



Thus, we easily get 



a A = ^, (io) 



L= — . (11) 



Following Ref. [18], in a non-flat universe the IR cut-off length scale L takes the form 

L = ar{t), (13) 

and r{t) satisfies 

r~^—= r-. 

Jo Vl - kr 2 Jt a(t) 



Thus, we have 



± -(vsjf ^-^-(vsjT*,). (i5, 



VI ^ Jt a ' VI 

Equation (13) leads to another equation about r{f), namely, 



Combining Eqs. (15) and (16) yields 



L c 

r(t) = -= — — . (16) 



r- r°° dt c^k 
yk — = arcsin— — — . (17) 
J, a \Tl^aH 

Taking derivative of Eq. (17) with respect to f, one can get 



a 2 2Q A H 
Let us plus Eqs. (5) and (6) together, and then we can obtain the form of 

(pc + Pk) + 3#(pa + Pm + Pa) = 
=> (p c + p k ) + 3H(p c + p k + p A ) = 

1 UH a 

= 1 2 — o„ — 2 — 

3H 



Q. A H 2 k Qa H 

+ H+-. (18) 



I H a \ 

Pa = -—\2—Pc-2-PkJ-Pc-Pk- (19) 



Substituting p A into Eq. (6), we have 

(2 1 + ^ + 3//)pa - Hp k - (2| + 3#)p c = 3bH Pi , 



(20) 
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where p,- (with i = 1 ~ 3) denotes p\ = p A , p2 = p A + p m — p c + Pk, and p3 = p m = p f + pt - Pa, respectively. Divided the above 
equation by p e , we get an equation containing H and Cl A , 



2(Q A - 1)— + Q A + H(3£l A - 3 - Q*) = 3bHQ.i, 
H 



(21) 



where Q, = Q A , Q A + Oj, and 1 + 0, -Q A , for i = 1,2, and 3, respectively. Combining this equation with Eq. (18), we eventually 
obtain the following two equations governing the dynamical evolution of the interacting holographic dark energy in a non-flat 
universe, 



1 d I H 



H/H dz\H 



1+z 



3Q A - A* - 3 - 3bQj 
2f2 A 



1 + 



Q A Qm>(1+z) 2 



(22) 



d£l A 

dz 



2Q A (i -n A ) 

1 +z 




n M (l+z) 2 3Q A 
(H/H ) 2 



{HI Hq) 1 



3 - 3M2,- 



2(1 -Q A ) 



(23) 



These two equations can be solved numerically and will be used in the data analysis procedure. 



III. OBSERVATIONAL CONSTRAINTS 



In the holographic dark energy model with interaction and spatial curvature, there are four free parameters: c, Q,„o, b, and 
QjfeO. In this section, we shall constrain these parameters of the holographic dark energy model by using the latest observational 
data. For decreasing the complication, let us close some parameters in turn. We shall consider the following four cases: (a) the 
model of holographic dark energy without interaction and spatial curvature (namely, b — and Q^o = 0), denoted as HDE; (b) 
the model of holographic dark energy with spatial curvature but without interaction (namely, Q^o + but b = 0), denoted as 
KHDE; (c) the model of holographic dark energy with interaction but without spatial curvature (namely, b + but fi^o = 0), 
denoted as IHDE; (d) the model of holographic dark energy with interaction and spatial curvature (namely, b + and O^o ^ 0), 
denoted as KIHDE. 



A. Observational data used 



The observational data we use in this paper include the Constitution SNIa sample, the shift parameter of the CMB given 
by the five-year Wilkinson Microwave Anisotropy Probe (WMAP5) observations, and the baryon acoustic oscillation (BAO) 
measurement from the Sloan Digital Sky Survey (SDSS). 



1. Type la supernovae 



For the SNIa data, we use the latest Constitution sample including 397 data that are given in terms of the distance modulus 
Hobsizi) compiled in Table 1 of Ref. [26]. The theoretical distance modulus is defined as 

Hthizi) = 5 log 10 D L (zd + po, (24) 

where po = 42.38 - 5 log 10 h with h the Hubble constant H in units of 100 km/s/Mpc, and the Hubble-free luminosity distance 
D L = H d L is 

D L (z) = ^=sinn( ^ f (25) 
yMhd \ Jo E{z')l 



where E(z) = H(z)/Hq, and 



sinn ( VPitol^) [ sin( VlUfcol*)/ VPtt)!, if > 0, 
- L =\x, if O,o = 0, 



*Q| 



sinh( VP»I. ifQ»<0. 
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TABLE I: Fit results for the holographic dark energy model. 
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KHDE 


0.278-;"- 




(7.7X10- 4 )! ';JJ;« 
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IHDE1 
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IHDE3 


O 977+0-034 
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0.003 
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-0 046 +U 24;i 

u.utu_ 102 


465.697 


0.315 


KIHDE2 


- 281+ 004i 


974 +u - 5i ^ 


030 +u uvo 


-0 042+ 1 ™ 1 
-R'973 


465.700 


0.312 


KIHDE3 


0.280ii 


0961^ 

u,,u -0499 


0W™ 

u.uui _ 0210 


-0.048!"- 
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The^ 2 for the SNIa data is 



397 



ZlVobs(Zi) ~ HthiZi)] 2 .... 
3 > ( 26 ) 



where fi b s (zd and <x, are the observed value and the corresponding 1 <x error of distance modulus for each supernova, respectively. 

2. Baryon acoustic oscillation 

For the BAO data, we consider the parameter A from the measurement of the BAO peak in the distribution of SDSS luminous 
red galaxies, which is defined as [27] 



1 

: sinni 



Zb^ 



(27) 



where Zb = 0.35. The SDSS BAO measurement [27] gives A obs = 0.469 (n s /0.98r a35 ± 0.017, where the scalar spectral index is 
taken to be n s = 0.960 as measured by WMAP5 [28]. It is widely believed that A is nearly model independent and can provide 
robust constraint as complement to SNIa data. The x 2 for the BAO data is 

2 _ (A - Aphs) 2 nK . 

Xbao 2 ' W 

where the corresponding lcr error is <x A = 0.017. 



3. Cosmic microwave background 
For the CMB data, we use the CMB shift parameter R given by [29, 30] 

vg^> sinn / r- c (29) 

VIHSI Jo E(Z')) 

where the redshift of recombination z rec = 1090 [28]. The shift parameter R relates the angular diameter distance to the last 
scattering surface, the comoving size of the sound horizon at z rec and the angular scale of the first acoustic peak in CMB power 
spectrum of temperature fluctuations [29, 30]. The current measured value of R is R b s = 1.710 ± 0.019 from WMAP5 [28]. It 
should be noted that, different from the SNIa and BAO data, the R parameter can provide the information about the universe at 
very high redshift. The^ 2 for the CMB data is 

9 (/? — Robs} 2 

X~CMB = 2 ' ( 30) 



where the corresponding lcr error is <r R = 0.019. 
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FIG. 1: Probability contours at 68.3% and 95.4% confidence levels in the fl,„o - c plane, for the three IHDE models and the KHDE model. 



B. Results and discussions 



Table I summarizes the fit results for the considered models. In this table we show the best-fit and l<x values of the parameters 
and theKi- of the models. Here, A^L- = ^fi- (HDE) — X m i n stands for the improvement of the model in^. comparing to the 
HDE model. From this table, one can find two significant features. One feature is that for the KHDE and IHDE models the 
values of A^L. are rather small, and their best-fit parameters (namely, Q mu and c) are very close to the corresponding ones in the 
HDE model. The best-fit values and lcr regions of and b are fairly small, implying that the holographic dark energy model 
prefers zero curvature and zero interaction. The other feature is that for the KIHDE models Ay 2 as well as the best-fit and lcr 

1 mm 

values of Q,^ and b are much larger than those in the KHDE and IHDE models. This indicates that there possibly exists some 
strong degeneracy between the spatial curvature and the interaction in the holographic dark energy model. Also, the best-fit 
values and lcr ranges of c in the KIHDE models become remarkably larger than those in other cases. 

Figures 1-5 show the probability contours at 68.3% and 95.4% confidence levels (CL) in various parameter planes for these 
models. Let us discuss the various cases in detail in what follows. 

In Fig. 1, we plot the lcr and 2<x contours in the Q mu - c plane for the KHDE and IHDE models. We see from this figure that 
the inclusion of spatial curvature or interaction in the holographic dark energy makes the parameter space of (n,„o, c) become 
larger. For the HDE model, we have c < 1 in about 2cr range, for details see Fig. 1 of Ref. [21]. However, when considering the 
spatial curvature or the interaction, we can only obtain c < 1 in about lcr range. In fact, in the IHDE models c could be evidently 
greater than one even in the lcr range. This, in some sense, is good news for the fate of the universe because the likelihood of 
holographic dark energy becoming a phantom decreases. The negative aspect lies in that the uncertainty is enlarged owing to the 
amplification of the parameter space. 

Figures 2 and 3 show the degeneracy situations of b and Q„,o, as well as b and c, in the IHDE models. It is clear that b and 
£2 m n are in positive correlation, and b and c are anti-correlated. From these two figures one can see that the observational data 
tell us that b can be both positive and negative. In our convention, a positive b will lead to an unphysical future for the universe 
since p m will become negative and Q A will be greater than one in the far future. So, one should only consider the regions of 
b < in the figures as realistic physical situations. The best-fit values for b are all close to zero, although slightly larger than 
zero. Concretely, b = 6.1 X 10" 5 , 1.6 x 10~ 4 and 3.0 x 10~ 4 , for the three IHDE models, respectively. The 95% CL limits on b 
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FIG. 2: Probability contours at 68.3% and 95.4% confidence levels in the Q,,„q - b plane, for the three IHDE models. 
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FIG. 3: Probability contours at 68.3% and 95.4% confidence levels in the c - b plane, for the three IHDE models. 
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FIG. 5: Probability contours at 68.3% and 95.4% confidence levels in the Sito - b planes, for the three KIHDE models. 



are fairly small, in order of 10 -2 . This indicates that the observations do not favor an interacting holographic dark energy model. 
However, it should be pointed out that even a small b could possibly be used to avoid the future big rip caused by c < 1 . The 
sufficient and necessary condition of avoiding the big rip in the interacting holographic dark energy model with c < 1 has been 
studied in detail in Ref. [23]. According to this work, we know that: for IHDE1, the condition is b < 1 - c~ z ; for IHDE2, the 
condition is b < c 2 - 1; for IHDE3, there is no late-time attractor solution, so the big rip will be inevitable. From Fig. 3, we find 
that for IHDE1 and IHDE2 the points satisfying such sufficient and necessary conditions of avoiding the big rip actually could 
be found in the 95% CL region with b < and c < 1. 

The constraints on KHDE from the latest SNIa, CMB and BAO data are shown in Fig. 4. The left panel shows that Q^o and 
Q ; „o are in positive correlation, and the right panel indicates that O^o an d c are anti-correlated. The best-fit value for is 
7.7 x 10~ 4 , quite close to zero. The values of Q*o in 2<x region can be both positive and negative. The 95% CL limit on £2*0 1S 
in order of 10~ 2 , nearly as good as that for a vacuum energy model. These results indicate that the observations actually favor a 
spatially flat holographic dark energy model. 

Furthermore, we consider the most sophisticated case for the holographic dark energy model, i.e., the interacting holographic 
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dark energy in a non-flat universe. Figure 5 shows the constraints on b and Q^o of the KIHDE models from the latest SN, CMB 
and BAO data. We find that b and O.^ are strongly anti-correlated. It is remarkable that there exists significant degeneracy 
between the phenomenological interaction and spatial curvature in the holographic dark energy model. When simultaneously 
considering the interaction and spatial curvature in the holographic dark energy model, the parameter space is amplified, espe- 
cially, the ranges of b and Q«) are enlarged by 10 times comparing to the IHDE and KHDE models. From Fig. 5, we find that the 
holographic dark energy model with zero interaction and flat geometry is still favored. Of course, the best-fit points all indicate 
an interacting holographic dark energy (with b about -0.05) in a closed universe. When imposing the physical condition b < 0, 
one can find from Fig. 5 that a closed geometry is more favored. 

Finally, we feel that it would be better to make some additional comments on the other related work of interacting holographic 
dark energy models. In an early work [31], the interacting holographic dark energy model (namely, the case of IHDE2) was 
first proposed; subsequently, this model was constrained by using the observational data of that time [32]. Comparing with 
these earlier studies, our results show a significant reduction of the errors of parameters, owing to the more accurate data used. 
It should also be mentioned that in Ref. [33] the interaction between holographic dark energy and matter was reconstructed 
by employing two commonly used parametrization form for the equation of state of dark energy. In addition, the interacting 
holographic dark energy models with the Hubble scale as IR cutoff were also discussed in, e.g., Refs. [34, 35]. The interacting 
holographic dark energy model in a spatially closed universe was investigated in Ref. [36] where an additional requirement that 
the entropy attributed to the IR cutoff L should be increasing was imposed. However, in the present paper, such a condition is 
not imposed since an appropriate definition of entropy for a holographic universe is still obscure for us (some studies show that 
the Friedmann equation is consistent with the first law of thermodynamics of the apparent horizon, see, e.g., Refs. [37, 38]). 
It should also be noted that there are some other versions of holographic dark energy model, for example, the agegraphic dark 
energy model [39, 40, 41] and the Ricci dark energy model [42, 43]. The interacting agegraphic dark energy model has been 
discussed [44], but the interacting version of Ricci dark energy model has not been investigated. 

IV. CONCLUSION 

In this paper we consider a sophisticated holographic dark energy model where the interaction and spatial curvature are both 
involved. The consideration of interaction between dark energy and matter in the holographic dark energy is rather popular, 
since the interaction not only can help to alleviate the cosmic coincidence problem but also can be used to avoid the future 
big-rip singularity caused by c < 1. In addition, the consideration of spatial geometry in the holographic dark energy is also 
necessary, because usually there exists some degeneracy between the spatial curvature and the dynamics of dark energy. The 
aim of this paper is to probe the possible interaction and spatial curvature in the holographic dark energy model in light of the 
latest observational data. 

We considered three kinds of phenomenological interactions between holographic dark energy and matter, i.e., the interaction 
term Q is proportional to the energy densities of dark energy (pa), matter (p,„) and dark energy plus matter (p^ + p,„). For the 
observational data, we used the SNIa Constitution data, the shift parameter R of the CMB from the WMAP5, and the BAO 
parameter A from the SDSS. We separately considered the following cases: opening interaction but closing spatial curvature; 
opening spatial curvature but closing interaction; simultaneously opening interaction and spatial curvature. Our results show that 
when separately considering the interaction and spatial curvature, the interaction and spatial curvature in the holographic dark 
energy model are both rather small. In other words, the observations favor a non-interacting holographic dark energy with flat 
geometry. When considering both the interaction and the spatial curvature in the holographic dark energy model, it is interesting 
to find that there exists remarkable degeneracy between them. On the whole, according to the current observational data, the 
holographic dark energy model without interaction and spatial curvature is still more favored. 
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